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Abstract 



In this note we compare even and odd fuzzy sphere constructions, 
their dimensional reductions and possible (M)atrix actions having 
them as solutions. We speculate on how the fuzzy 5-sphere might 
appear as a solution to the pp wave (M)atrix model. 
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Fuzzy spheres are of physical relevance (beyond their interesting mathematical aspects) 
because of the possibility that they appear as solutions to (M)atrix theory. As such, they 
give a possible quantum version of classical sphere solution, one which might be of relevance 
in the early Universe physics (see e.g. PQ), as well as providing possible vacuum solutions 
in certain backgrounds. The fuzzy S 2 in fact is a solution to the M theory Matrix model in 
the maximally supersymmetric pp wave background [2]. 

We will therefore review some of the aspects of fuzzy spheres constructions, simplifying 
the analysis of odd spheres. We will see that in the described context, dimensional reduction 
of spheres becomes easier to understand (even if still not straightforward). We will write 
down Matrix model actions that have the even and odd spheres as solutions and argue that 
such an action will probably describe the quantum corrected version of the pp wave (M)atrix 
model, thus giving the conjectured 5-brane solution [2|. 



Fuzzy S 2 

The best understood case of fuzzy sphere is the fuzzy S 2 . One needs noncommutative 
coordinates (realized by infinite matrices in the (M)atrix theory case) that satisfy an SO(3)- 
invariant algebra, generalizing the classical sphere. The algebra is 

[X\X j ] = iRe ijk X k ; {X i ) 2 = R 2 (1) 
By multiplying with e^ k , the defining algebra becomes 

e ijk X l X j = iRX k (2) 

which is equivalent to the previous. 



Fuzzy S 4 

The case of fuzzy S A was analyzed in [3] following earlier work in jU Given the 
knowledge that it had to be a solution to the (M)atrix action carrying 4-brane charges, the 
authors defined the algebra to be satisfied as (again, a suitable SO(5)-invariant extension of 
the classical 4-sphere) 

e mm X . X . XkXi = aX m 

(X'f = R 2 

RijXj = U(R)X i U(R~ 1 ) (3) 
It is not clear that this definition is equivalent to 

[Xi, Xj] = (3eijkimX k X l X m (4) 

which would be another possible definition of the fuzzy S 4 . As we noted, in the S 2 case the 
two definitions are identical. 
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The explicit construction of the fuzzy 5" 4 though does not cover all possible 4-brane 
charges, only those that can be written as 

N = (n + l)(n + 2)(n + 3) 
6 

In that case, the construction is 

X l = Y,Pr{^)\ X i :{V® n ) sym ^{V^ n ) sym (6) 

r 

where p r (X) inserts X on the r position in V® n , and V is the vector space of spinor repre- 
sentation for SO (5). This explicit construction satisfies both @ and (jljl. 

The explicit construction of the fuzzy S A also satisfies the equations of motion 

[X^lX^X^+aX* = (7) 

since J u = [X*, X 7 ] = J2 r PrdJi, Ij-]) are the generators of SO (5). But it is not clear if these 
equations of motion are a consequence of one of the original forms of the algebra (J3J) or (jlj). 
The equations of motion in (jJJ) come from the action 

S = J + a(Xr (8) 

For S 2 , these equations of motion can also be rewritten as 

[J ij ,X j ]=4X i (9) 

since Jjj cx [Xj,Xj], except that now one can easily see that the fuzzy S 2 algebra implies 
these equations of motion. 

Fuzzy S 2k 

The construction generalizes easily to even spheres S 2k as (the detailed analysis was done 
in [3IZj and further clarified in [HI EJ) 

e il - i ™X il ...X i2k _ l =aX i ™ 
(X 1 ) 2 = R 2 

RijXj = U(R)X i U(R- 1 ) (10) 

or (equivalently?) 

{X h X j }=Pe lji2 ... l2k X l *...X^ (11) 
solved by the explicit construction X^ = ^ r p r {Ti) that satisfies the equations of motion 

[J ij ,X j ]=4hX i (12) 

due to Jjj oc 
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Odd dimensional spheres: construction and algebra 

We are again looking for a matrix representation that generalizes the coordinates X 1 , and 
since we want a generalization of a sphere, we want to have (X*) 2 = const, and an algebra 
(coming hopefully from some simple equations of motion) which are S0(2n)-invariant. The 
fuzzy 3-sphere was introduced in jTOJ and further developped and generalized to odd spheres 
in [IT]. 

We will follow the analysis in [TT] , and we will focus on the S 3 case, leaving the general- 
ization to any odd spheres to the end. 

Take the vector space V of spinor representations for SO (4). It splits into positive and 
negative chirality representations, as 5*0(4) = SU{2) x SU(2), thus V = V + + V-. Take 
the subspace TZ n of Sym(V® n ). It will substitute Sym(V® n ) as the basis vector space for 
the fuzzy sphere representation. 1Z n is defined as 1Z+ + 1Z~, where 1Z+ and 1Z~ are spaces 
of SU{2) x SU{2) labels (2±1, 2fl) and (^, 2±1) respectively (denoting the number of V+ 
and y_ factors in each). 

Then 

X 1 = Vn n X{P nn = V nt X{P n - + V n -X{P nt = + X~ (13) 
where V-r^ = V n + + V n - is the projector and 

X t = J2Pr(^) (14) 

r 

Then X{ = Xj~ + X~ and Y % = Xf — X~ are two independent variables that need to be 
used to define the fuzzy S 3 , or equivalently we can use X^,X~. 

Following [TJ, we can compute that Xf commutes with the SO (4) generators and is 
indeed constant in this subspace, 

*.^ ( " +1) 2 ( " + 3 W (15) 

For a fuzzy S 2k ~ l , one gets (n + l)(n + 2k — l)/2 on the r.h.s. 

One needs to take the irrep lZ n as opposed to Sym(V® n ) in the even sphere case, and 
then Xf is constant on the space. In the calculation, one needs to be careful, since 

E^E^(r*)E^(r^ n ^Yl x ' ( 16 ) 

i r s i 

For the definition of the fuzzy 3-sphere algebra, defines the objects 

X t = Tn- n E PrFiP^Ki K = V n E PriWPn, 

r r 

x 5 = v n + E^4 [ri ' ri]p+)7 ^ y$ = v nt Y.pr(\\^i]p-)v n + 

r r 



(17) 
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where P± are projectors onto V± and then also 



X 




+ Xr 


Yi 


= xt 


-x- 




= X l 


+ X T . 


Y 


=n 


+ Yr 




= x± 


-x^ 


Y 







where all X£ is selfdual [Xfj = l/2eijkiX k \) and so is Y { ~ , whereas X^ and Y^ are anti- 
self dual. The algebra is then defined by a large series of (anti) commutators between these 
generators. 

However, one can easily check that that algebra implies 

1 1 

(n + 3)Xij = [Xi, Xj\ + -€ijki{X k , Yi}; Xy = -e^kiXf-i 

1 1 

— (n + l)Yij = [Xi,Xj] — -€ijki{X k , Yi}; Yij = —-£ijkiYki 

(n + 3) = {Xi, Yj} + €ijkiX k Xi 

-(n+ l)Yij = {X, Yj} - e m X k X t (19) 

and thus only Xj and Yi parametrize the fuzzy algebra, subject to the constraint 

[Xi,X j ]=-[Y i ,Y j \ (20) 

Since V n -V nt = V nt V n - = 0, X+X- = X"X+ = 0, and thus X? = X+Xr + X~X+ = 
-Y? = N. 

From the explicit form in (|18|) one can find that the SO (4) generators are 

Jij = Vn n E Pr(\^ r il)^ = X^ + Y^ (21) 

r 

and so 

2 (n -f 2) 

3l > = ~(n + l)(n + 3) [Xi ' Xj] + (n + l)(n + 3) e ^ {Xfc ' Yl} = A[X " ^ ] + Be ^ Xk > Y ^ 

, (22) 

where A = -1/N and B = (n + 2)/{2N) = y/2N + 1/(2X). 

With this definition, the only independent equation of motions, giving the algebra of the 
fuzzy sphere in terms of Xj, Yi, are the rotation properties of Xj, Yi, namely 

[J ij ,Xj}=QX l - [J ij ,Y j \=GY i (23) 

where of course one has to replace with its explicit form as a function of Xj,Yj, and 
always subject to the contraint [Xj,Xj] = — [Yj,Yj]. This is quite satisfying, given that the 
even fuzzy sphere equations were also related to rotational invariance (there, through the 
presence of the epsilon tensor). 

One has to find actions that have these equations of motion. But first notice that Yi is 
anti-hermitian, thus we need to redefine Yi = iYi and thus find an action for X,, Yi modulo 
the constraint [Xj,Xj] = [Yj,Yj]. 
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Actions 

One can easily check that such an action is (one writes such an action with arbitrary 
coeffficients for all the terms and then fixes the coefficients by requiring to get the correct 
equations of motion) 

L = ^N Tr{ \ i[X " X i ]2 ~ [? ^ ]2) " 3NX * + 3Nf ? + 

i y/2N 2 + 1 e ijkl {X i X j {X k , Yi} + %%{%, X l })} (24) 

One notes that the Y terms have the wrong sign. Thus the energy of a static solution (so 
that E = —L) satisfying [JQ, Xj] = \$i,Yj] and X 2 = Y 2 (constraints) is easily seen to be 
zero. The same was true for the fuzzy S 2 solution to the pp wave (M)atrix model in 
except that in that case we needed the actual equations of motion, not just a constraint. 

The construction of the algebra and action for the fuzzy S 5 case is similar. One can 
still define the objects in ()17I18|) subject to the constraint that = — [Y^Y}]. We 

will get similar equations of motion (by simplifying the algebra). Without doing the explicit 
calculations, from SO (6) invariance and using the constraint, we can say that the SO (6) 
generator is 

Jij = Xij + Yij = —a[Xi, Xj] + beijkimnXkXi{X m , Y n } (25) 
(where a and b could be determined by explicit calculation), with equations of motion 

[X^ + Y^, Xi\ = lOXi] [X^ + Yj, Yj] = lOYj (26) 

Then the corresponding action is (after redefining Yi = iYi) 

L = Tr{^{[X t ,X 3 } 2 - [Y,?^) - 5(X 2 - Y 2 ) 

[XiXjX k Xi{X m , Y n } + YiYjX k Xi{Y m , X n })} (27) 

This construction generalizes also easily to S 2k ~ l . Using similar arguments as for the 5" 5 
case, the generator of SO (2k) rotations is 

Jij — Xij + Y^ = — a[Xi,Xj\ + beiji 3 ...i 2k Xi 3 ...Xi 2k _ 2 {Xi 2kl ,Yi 2k } (28) 

and the equations of motion are 

[X^ + Y^, Xj] = 2(2k - l)Xi, [X^ + Y^, Yj] = 2(2k - l)Yj (29) 

They come from the action 

L = Tri-^X,] 2 - [Y, Yj] 2 ) - (2k - 1)(X 2 - Y 2 ) 

+^2 e ii...i 2 fc(^n-"^2k-2{^"*2fc-l' ^2fe} + ^1^2^«3-"^*2fc-2{^2fc-l> ^«2fc}) V™) 
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A simple observation is that the action 

([X\X j ] - [Y\Y j ]) 2 (31) 

also has (all) the odd fuzzy spheres as a trivial solution, since both equations of motion are 
proportional to the constraint — [Y\ Y^] = 0. 

More realistically, adding 

a([X\X j ]-[Y\Y j ]) 2 (32) 

to the previous action still satisfies the odd fuzzy sphere equations of motion, so there is a 
one-parameter set of actions with the fuzzy odd spheres as solutions. 



Dimensional reduction 

For classical spheres, the "diameter" of a sphere (reached when one of the coordinates 
takes an extreme value- maximum or 0) is a sphere of one less dimension. In fact, for any 
fixed value of one of the coordinates, we get a lower dimensional sphere. Let's check whether 
we can obtain the same for fuzzy spheres. 

The simplest case is the case of applying the procedure twice, for embedding even spheres 
into even spheres. For n=2k+l, embedding 5 n _i into S n+ i can be done at the level of the 
algebra: 

n 

^Z X i = 1 ~ X n+1 ~ X n+2 
i=l 

[Xi,Xj] = e ij i 3 ... An i n+1 i n+2 X l ' i ...X' ln (X tn+1 X tn+2 ) (33) 

and thus if the S n +i operators [X ln+1 , X ln+2 \, Xf , Xf have given eigenvalues, the S n+ i 
algebra reduces to the S n -i algebra. 

Let us now try to embed S 3 into S 4 , not the explicit representation, but using only the 
algebra. As we saw, for the even dimensional spheres, we can represent the 5d operators X^ 
by T^. In particular, for dimensional reduction, we can represent X 5 = T 5 (more precisely, 

^ 5 = E,Pr(r 5 )). 

Since we have 

[r^Tj] = €ijki5TkTiT 5 = -€ijki{Tk,TiT 5 } (34) 
we see that a good way to set up the dimensional reduction of the fuzzy 4-sphere algebra is 

[Xi, Xj] = -€ijki{X k , X t X 5 } (35) 

Next, notice that if we dimensionally reduced as follows: X; = Xi, AjX 5 = Y± as one 
would think natural, then we would get Y^ = 0, X^ = 2[Xj, Xj], which is not what we want 
(we need to have two independent sets of variables). 

Fortunately, we can see from the explicit gamma matrix representation that this is not 
quite so. In fact, 

X t = Xf + Xr = V„J2 Pr(^P + )V+ PrViP-yP- (36) 
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where P± = (1 ± T§)/2 are the projectors onto given chiralities. That still means that 
XfX§ = ±Xf, so that XjX 5 = Yj = — X 5 Xj. For the dimensional reduction ansatz, we 
would need to write something like 

X t = V„X l ^2^V + + V+X i ^^V- (37) 

and now (|35|) will not be true without hats anymore. Rather, without hats, the two sides 
of (|35|) will be independent. This form of the dimensional reduction is not very appealing, 
as we still need the projectors V± which refer to the explicit representation of the X's as 
gamma matrices, but we can find no better way of doing it. 
In any case, then one has to replace this definition in 

[J lJ ,X j ] = 6X l (38) 

(the 6 instead of 8 is because the summation is restricted: we don't sum over the 5th 
coordinate) and using exactly the same calculation as was done with the gamma matrices 
(except that now we don't use that notation), obtain that it dimensionally reduces to the 
desired 

[J lJ ,X J ] = 6X l ; J ij = A[X i ,X j ]+Be ijkl {X k ,Y l } (39) 

where of course Yi = XiX 5 . 

For the reverse dimensional reduction, of odd sphere to even sphere, e.g. S3 to S2, we 
again start from the dimensional reduction of the representation, to gain insight about the 
dimensional reduction of the algebra. We have 

r 

with the dimensional reduction of the gamma matrices (easily generalizable to any odd 
sphere) 

T i = T i 0a 1 ; f 4 = l®a 2 ; f 5 = 1 ® a 3 (41) 

Then put 

% = Pr(f 4 f 5) = Ml ® o-i) => X t Y 4 = J2 PrFi) = X t (42) 

r r r 

With this dimensional reduction ansatz, we can write down the dimensional reduction of the 
SO (4) rotation generator, 

Jij = d[Xi, Xj] + beijki{X k , Y4} = a[Xi, Xj] + heij k X k (43) 

and thus deduce the dimensional reduction of the equations of motion as follows. If we 
sandwich [J^X,] = 4Xj between two Y48 we get 

[Jij, Xj] = AX { ; = a[Xi, Xj] + be ijk X k (44) 

It seems though that one still needs to impose the more restrictive equation of motion 
= €ij k X k to get the correct dimensional reduction. 
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PP wave Matrix model and fuzzy 5-sphere 

We expect the fuzzy 5-sphere to be a solution to of the pp wave Matrix Model in [2]. 

In the supergravity description of M theory, there are two types of giant gravitons in the 
pp wave background. There are two-spheres that correspond to giant gravitons in AdS^ or 
£4 before the Penrose limit, and whose radius is 

r = r p =6ii (45) 

(the second line corresponds to the naive Matrix theory DLCQ) and there are also 5-spheres, 
that correspond to giant gravitons in AdSj or Sj before the Penrose limit, whose radius obeys 

4 Sir 2 + 87r 2 fiN 

r = —VP = ( 46 ) 

But in the Matrix model in [2| there are exactly two classical vacuum solutions, a fuzzy 
two- sphere, 

[M=i^ k ^; r = 2vry^^5 (47) 

and the vacuum, 0* = 0. The fuzzy two-sphere solution of the Matrix model has the correct 
(supergravity) radius, as expected. 

The Matrix model is written with its coupling 1/g 2 in front (g = (R/ (/iiV)) 3 / 2 ), and then 
we have for the two-sphere in the rescaled variables <fi ~ fi/g (so the solution is classical, 
gcf) ~ o(l), as we have checked). But for the 5-sphere giant graviton, we would obtain 
4 ~ fJ>/g, which therefore is quantum in nature in the Matrix model. So the only candidate, 
the = vacuum should quantum mechanically be blown up to a 5-sphere, which then 
should get the correct radius. 

Indeed, [12] have shown that the linear fluctuation spectrum of a 5-brane matches (ex- 
actly) with the protected spectrum of excited states about the X=0 vacuum of the Matrix 
model (found by computing small QM fluctuations and symmetry arguments). 

So we would want to obtain the fuzzy 5-sphere as a solution of the exact quantum- 
mechanically corrected Matrix model. 

There are two ways in which it seems possible to do this using our description of the 
fuzzy 5-sphere. One would be to embed both Xi and Yi into the 0j of the Matrix model. 
But we can easily check that this is not possible for the action in ()27|) . We could add 

a([X\X j ] — \Y\Y j }) 2 (48) 

to the action, obtaining (for a = a) 

L = Tr{'^lX,,X 1 f-lX l ,X J ]l\\Y j l)-5(X;>-\?) 

^W^fJtWfi.^]] (49) 
But it is not clear how we would go about embedding this either. 
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We should note here that whenever we write a fuzzy sphere action as a Matrix action we 
implicitly assume that the coupling has been extracted as an overall l/g 2 , so that we can 
get back the coupling dependence by rescaling fields and coordinates. 

The only other way (without adding the extra term to the action) seems to be to have 
Y % being a bilinear in the fermion fields, of the type \ET l \I/. 

This is not so unusual. For instance, the QCD chiral symmetry breaking phase transition 
order parameter is believed to be < qq > (the quark condensate). Also, in the case of the 
Seiberg jT3] and Seiberg-Witten [T^j analysis of the M = 1 and Af = 2 susy gauge theories, 
the order parameter of the chiral symmetry phase breaking is the "meson" field M = QQ, 
that acquires a nonzero VEV. In both cases, the nonzero VEV of the bilinear in fields appears 
nonperturbatively, and is essential to the physics. 

Therefore it is not unlikely to have a quantum theory with an "effective potential" for 
the "meson" field \ET*\I/, of the needed form. It is unfortunately not clear how to calculate 
it. The only difference from the meson case is that now we want to have an object with 
gauge indices (not a gauge invariant combination), but given that fields are in the adjoint 
representation of the gauge group, it is the natural thing to do. 

There is a simple way to argue for the presence of the fuzzy 5-sphere action. Myers [To] 
derived a term F tijk Tr(X i X^X k ) that boosted gave F+^Tr^X^ X k ) = e^Tr^X* X k ) 
for the pp wave (M)atrix model. It came from the classical DBI coupling J (C(3))- 

If we would have a dual field in the same background, it should similarly provide a 
term 

F +ijklmn Tr(X i X j X k X l X m X n ) = e ijklmn Tr(X i X j X k X l X m X n ) (50) 
Notice then that a nonlinear susy transformation 

5X n = q T T n e 

5V = e (51) 

would relate it to a term of the desired form 

e ijklmn Tr(X i X^X k X l {X m , ^ T T n ^}) (52) 

Then this term, together with the usual commutator and mass terms, 

[X\ X j \ 2 -m 2 ^) 2 (53) 

provide half of the terms in the fuzzy 5-sphere action, and the other half are there to cancel 
the energy when the constraints are satisfied. As the action is valid only on the constraints 
anyway, this seems enough to argue for the plausibility of the action. 

So we have found that the action (|27|) is a possible candidate for describing the quantum 
5-sphere solution of the pp wave Matrix model. This action is unique if we impose the 
equations of motion and the condition of minimal corrections to the Matrix model, so this 
gives it a certain degree of plausibility. 

We might be worried that the action would have negative energy configurations, but we 
have to remember that the action is only valid if the constraints are satisfied, and then the 
energy is automatically zero. 
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We observe that the action (J27|) has also X = Y = as a solution (along with many 
others), and thus why would we call the fuzzy 5-sphere solution a blow-up of the X=0 solution 
of the BMN Matrix model? We only gave an intuitive argument for half of the terms in the 
action, the rest were guessed by using supersymmetry and the constraints. In reality, there 
should probably be more terms for Yj = ty T T l fy which would force it to be nonzero, and for 
a solution satisfying our constraints that would mean the X's would be nonzero too. 

Note that ^H] has also proposed an action that would have the fuzzy 3-sphere as a solu- 
tion, different than the one proposed in this paper, but that construction is slightly different 
in scope, being motivated by a 3-brane discretization, and the fuzzy 3-sphere construction 
used there is different, using a constant matrix depending on the representation. 

Finally, we should note that the fuzzy S A construction does not cover all possible 4-brane 
charges, and one needs something else (maybe nonassociativity) to describe the general case. 
Similarly, it is possible that the fuzzy 5-sphere construction will only provide certain cases 
for the expected giant 5-sphere graviton. 

Acknowledgements I thank Sanjaye Ramgoolam for many discussions and for collabo- 
ration at the early stages of this project. I would also like to acknowledge useful discussions 
with Antal Jevicki and Jeff Murugan. This research was supported in part by DOE grant 
DE-FE0291ER40688-Task A. 



11 



References 

O. DeWolfe, S. Kach ru and H. Verlinde, "The giant inflaton", JHEP 0405 (2004) 017 
and|hep-th/0403123 



D. Berenstein, J. Maldacena and H. Nastase, "Strings in flat space and pp waves from 
M = 4 Super Yang Mills", JHEP 0204 (2002) 013 and |hep-th/0202021| 

J. Castellino, S-M. Lee, W. Taylor, "Longitudinal five-branes as four-spheres in Matrix 
theory," Nucl. Phys.B 526 (1998) 334 and |hep-th/9712105| 

H. Grosse, C. Klimcik and P. Presnajder, "On finite 4d quantum field theory in non- 
commutative geometry," Commun. Math. Phys. 180 (1996) 429 and hep-th/9602115 

D. Kabat and W. Taylor, "Spherical membranes in Matrix theory," Adv. Theor. Math. 
Phys. 2 (1998) 181 and |hep-th/9711078| 

S. Ramgoolam, "On spherical harmonics for fuzzy spheres in diverse dimensions," Nucl. 
Phys. B610 (2001) 461 and |hep-th/0105006| 

P.M. Ho and S. Ramgoolam, "Higher dimensional geometries from Matrix brane con- 
structions," Nucl. Phys. B627 (2002) 266 and |hep-th/0111278| 

Y. Kimura "Noncommutative gauge theory of fuzzy four-sphere and Matrix Model," 
Nucl. Phys. B637 (2002) 177 and |hep-th/0204256| 

T. Azuma and M. Bagnoud, "Curved-space classical solutions of a massive supermatrix 
model," Nucl. Phys. B651 (2003) 71 and |hep-th/0209057| 

Z. Guralnik and S. Ramgoolam, "On the polarization of unstable DO-branes into non- 
commutative odd spheres," JHEP 0102 (2001) 032 and |hep-th/0101001| 

Sanjaye Ramgoolam, "Higher dimensional geometries related to fuzzy odd dimensional 
spheres", JHEP 0210 (2002) 064 and |hep-th/0207111| 

J. Maldacena, M.M. Sheikh- Jabbari and M. van Raamsdonk, "Transverse five-branes 



in Matrix theory," JHEP 0301 (2003) 038 and |hep-th/0211139 



N. Seiberg, see e.g. "The power of holomorphy: exact results in 4-d susy field theories," 
|hep-th/ 9408013 and "The power of duality exact results in 4-d susy field theory," Int. 
J. Mod. Phys. A16 (2001) 4365 and|hep-th/9506077 



N. Seiberg and E. Witten, "Monopoles, duality and chiral symmetry breaking in M = 2 
supersymmetric QCD," Nucl.Phys. B431 (1994) 484 and |hep-th/9408099| 

R.C. Myers, "Dielectric branes," JHEP 9912 (1999) 022 and |hep-th/9910053| 

M.M. Sheikh- Jabbari, "Tiny graviton Matrix theory: DLCQ of IIB plane-wave string 
theory, a conjecture," hep-th/0406214 



12 



